Free Energy Explanation of Separative Work

Separative work is a commodity traded in the nuclear
fuels markets at the current price of nearly $80/SWU
(Nuclear Engineering International, 1977). Typically, a
1000 MWe light-water-reactor nuclear power station,
presently the most common type in the United States.,
will daily consume 220 1b of nuclear fuel representing
360 SWUs of separative work. The light-water reactor
requires uranium enriched to approximately 3¢, U235, The
CANDU reactor, on the other hand, uses as fuel natural
uranium requiring no separative work. Other types of
reactors use fuel highly enriched in U2?3,

One SWU is the amount of separative work involved
in preparing 0.33 kg of uranium enriched to 2.8% U3
from 2 kg of natural uranium which contains 0.711%
U235 (JCAE. 1973). The energy required to perform this
separation through the gaseous diffusion process amounts
to 2750 kw-hr or 1 X 10 J. Most of this energy leaves
the process as heat rejected from compressors rather than
as free energy stored in the separated isotopes. The gas
centrifuge process for uranium enrichment is expected to
re&uire less than 10% as much energy as does gaseous
diftusion. Even with this more efficient process, however,
most if the input energy will reappear as waste heat.

The development of Congressional support for public
investment in uranium enrichment has not required a free
energy explanation of the term separative work (JCAE,
1978). Nuclear fuel buyers, too, find it sufficient to know
that the amount of separative work represented in a unit
weight of nuclear fuel is independent of the fuel’s tem-
perature, pressure, and density, although it does depend
on the nuclear fuel’s content of fissile uranium atoms, the
U%3 content of the uranium from which it was prepared,
and the U235 content of the tails left behind. For purposes
of pricing separative work, the traders assume that the
assays of the uranium feed and tails are invariant, thereby
allowing separative work to be used as a measure of
the fissile atom content of the nuclear fuel. Chemical
engineers will want to know, nevertheless, how separative
work is related to energy even though it is traded in
units of weight. Separative work is the measure of per-
formance, per unit time, of separation devices and plants.
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It has been used extensively in the engineering of gaseous
diffusion and gas-centrifuge uranium enrichment plants.

CONCEPT OF SEPARATIVE WORK

The concept of separative work is not restricted to
uranium enrichment, nor even to separating mixtures of
isotopes. It can be applied generally to separations of
mixtures of any two distinct species of atom or molecule
for which a separation process can be visualized. Separa-
tive work 8U has been defined (Cohen, 1951; Benedict
and Pigford, 1957) by Equation (1):

U = W, (2xp — 1)In[xp/ (1 — x5)] + Wi (22, — 1)
Infa/ (1 — 2) ] — Wi(2x — DIn[x/ (1 —x)] (1)

Generally, 8U is expressed in units of weight of some-
thing common to the feed, heads, and tails streams of the
separation process, something such as kilograms-of-binary-
mixture units. In uranium enrichment, U is expressed
in units of kilograms of binary mixture of uranium iso-
topes, or briefly kg U. One SWU equals 1 kg U. The
composition of the binary mixture is left unspecified be-
cause it is not common to all three streams.

THE VALUE FUNCTION CONCEPT

In the isotope-separation literature (Cohen, 1951; Shach-
ter et al,, 1965), (2x — 1) In (x/(1 — =x)) is called
the value function and is represented here by ¢. It is
an intensive (Sage, 1965) state property of the binary
system whose composition is x mole fraction of one molec-
ular or atomic species and (1 — x) of the other.

THE FREE ENERGY EXPLANATION

The free energy explanations of separative work and
the value function for binary mixtures of substances 1
and 2 are given in Equations (2) and (3), respectively:

8U = [Wp(Gp — Gp) + Wi(G; — Gyp) — Wi(Gy — Gip) ]
/BT + [Wy(G, — Gp) + Wi (G — Gy)
— W¢(Gs — Gy) 1/RT  (2)
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Fig. 1. Relationship of free energy to partia! molal free energy.

$ = [(G—Gy) + (G—G,)I/RT (3)

Separative work is a weighted sum of free energy
differences, wherein the free energy is expressed in mul-
tiples of RT. Because both free energy and RT have the
same dimensions, their ratio is dimensionless.

Figure 1 shows how the partial molal free energies,
chemical potentials, are related to the free energy of
the binary mixture (Lewis and Randall, 1923). The tan-
gent to the curve at the mole fraction corresponding to
the composition of the binary mixture crosses the left
and right coordinates at Gy and Gy, respectively. If the
two substances form an ideal solution (no enthalpy of
mixing), then the entropy of mixing is related to the
free energy of mixing by Equation (4).

AS = — AG/T (4)

Separative work is, then, also a weighted sum of en-
tropy differences wherein entropy is expressed in multi-
ples of the universal gas constant R.

RELATION TO THE DEFINITIONS

From Figure 1.

. aG
_ dG
G-Ci=(1—%) ——w— 6
1 ( x) a1 —x) (8)
So, at constant temperature
M dM
= 1— [ — 7
b=rgmt (1= 0) s (7)
where
M = G/RT (8)

Now the entropy of mixing of an ideal solution (Lewis
and Randall, 1923) is given by Equation (9)

AS = — RlxIn(x) + (1 —x)In(1 — x)] (9)

and the corresponding free energy by

AIChE Journal (Vol. 24, No. 4)

AG=RT[xIn(x) + (1 —x)In(1 —x)] (10)
From Equations (8) and (10)

‘ill‘: =1n(lx—a\:) (11)
%:-m(lx_x) (12)

SO

) as)

4>=x1n(—1—x-—-)— (l—x)ln( lx

which is equivalent to
¢ = (2 — 1)In[x/(1 — x)] (14)

but Equation (14) is exactly the definition of the value
function, Replacement of the quantities equivalent to ¢
in Equation (2) with the right-side term in Equation
(14) will yield Equation (1), thereby confirming that
Equation (2) is consistent with the conventional defini-
tion definition of separative work for ideal solutions.
Equation (2) might be considered the more fundamen-
tal definition of separative work and Equation (1) the
form it may take for ideal solutions such as mixtures of
uranium isotopes. Equation (2) can be generalized to
define separative work for multicomponent separations by
adding the corresponding terms for components 3, 4, and
so on. If multiple product, tails, or feed streams are in-
volved in the separation process, the corresponding terms
for these streams would be included with appropriate signs.

NOTATION

G free energy (Gibbs) of a mole of mixture, [/mole

Gy free energy of a mole of feed mixture, J/mole

Gy = partial molal free energy (chemical potential) of
teed component 1, J/mole

Gy = partial molal free energy (chemical potential) of
teed component 2, J/mole

G, = free energy of a mole of product mixture, J/mole

Gip = partial molal free energy (chemical potential) of
heads component 1, J/mole

Gy, = partial molal free energy (chemical potential) of
heads component 2, J/mole

G¢ = free energy of a mole of tails mixture, J/mole

Gy¢ = partial molal free energy (chemical potential) of

tails component 1, J/mole
Gy = partial molal free energy (chemical potential) of
tails component 2, J/mole
free energy of pure component 1 at same temper-
ature and pressure, J/mole
free energy of pure component 2 at same temper-
ature and pressure, J/mole
free energy normalized by RT, dimensionless
universal gas constant, J/mole-°K
entropy of a mole of mixture, J/mole-°K
temperature, °K
amount of feed mixture used to obtain W), units
of product, kg of binary mixture
amount of product mixture obtained in the sep-
aration of Wy units of feed, kg of binary mixture
amount of tails mixture obtained in the separa-
tion of Wy units of feed, kg of binary mixture
mole fraction of component 1 in feed mixture
mole fraction of component 1 in product mixture
mole fraction of component 1 in tails mixture
separative work, SWU or kg U
value function, dimensionless
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A Note on Modeling Laboratory Batch Crystallizations

The classic analysis of Randolph and Larson (1962,
1971) serves as the basis for characterizing suspension crys-
tallization systems. In particular, laboratory experiments
employing well-mixed suspension crystallizer techniques
yield crystal size distributions which are very revealing of
those characteristics through application of the analysis.
This has been well demonstrated with the steady state
operation of the laboratory crystallizer (Randolph and
Larson, 1971). The analysis of distributions from batch
crystallizations is not so informative. Yet, there is a good
reason for designing and carrying out experiments batch-
wise. For example, laboratory batch crystallizations are
much more easily performed than continuous ones, espe-
cially when samp{ing distributions during the active crystal-
lization period are not considered. This type of operation
is particularly relevant for consideration when working
with chemical systems difficult to process, for example,
owing to toxic or highly viscous properties, or considera-
tions of monetary expense; or when time to develop appro-
priate apparatus for continuous operation is not available;
or as a first step in preparing for continuous operation in
the laboratory in order to obtain experimental design in-
formation.

A particular characteristic of batch generated size dis-
tributions which appears to be encountered when the seeds
charge is not too great is the plateau or hump within the
domain of the distribution. This characteristic appears in
the published distributions of Baliga (Randolph and Lar-
son, 1971) and Weed (Wey and Estrin, 1973). One ap-
parent explanation for this peculiar behavior of the distri-
bution is size dependent growth; successful reproduction
of the experimental distributions was demonstrated using
this hypothesis for the potassium sulfate-water system.
Other reasons for such distributions may be attrition—ag-
glomeration phenomena and surface energy effects which
may become significant at low supersaturations when the
sizes influenced are within the readily measurable range.

Another reason for this behavior may be inherent in the
nucleation law and typical batch operation which is asso-
ciated with decreasing supersaturation as the batch pro-
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ceeds. Qualitatively, the process may be described as fol-
lows: nucleation occurs initially owing to the relatively high
levels of supersaturation despite low concentrations of
suspended solids; in the mid period of operation, the
plateau in the distribution is generated because a decrease
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Fig. 1. Experimental size distribution: population density vs. nom-
inal size.
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